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Let
E(G) = End(G)/N (End(G)).
Our goal in this paper is to study direct sum decompositions of
certain reduced torsion-free ﬁnite rank (rtffr) abelian groups by
introducing an ideal τ of E(G) called a conductor of G . This ideal
induces a natural ring decomposition E(G) = E(G)(τ ) × E(G)τ and
a natural direct sum decomposition G = G(τ ) ⊕ Gτ for an rtffr
group G .
Let {G1, . . . ,Gt} be a set of strongly indecomposable rtffr groups
such that Gi ˙ G j for each i = j ∈ {1, . . . , t}, and such that E(Gi)
is a Dedekind domain for each i ∈ {1, . . . , t}. Let n1, . . . ,nt > 0 be
integers and let
G = Gn11 ⊕ · · · ⊕ Gntt .
We say that G has semi-primary index in G if for each i = 1, . . . , t
there is a primary ideal Pi ⊂ End(Gi) such that
P1G
n1
1 ⊕ · · · ⊕ PtGntt ⊂ G ⊂ G.
The group G is balanced in G if G ⊂ G and if E(G) ⊂ E(G). We
say that G is a balanced semi-primary group if there is a balanced
embedding G ⊂ G such that G has semi-primary index in G .
Theorem. If G is a balanced semi-primary rtffr group then G has a locally
unique decomposition and the local reﬁnement property.
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The general professional opinion is that groups that possess a unique decomposition or that
possess the reﬁnement property are rare. While the Baer–Kulikov–Kaplansky Theorem implies that
a direct sum G =⊕i Gi of rank one groups Gi has the reﬁnement property, examples by Corner and
Fuchs–Loonstra (see [11]) show that under some mild hypotheses there are subgroups of ﬁnite in-
dex in G that do not possess a (locally) unique decomposition. This juxtaposition of uniqueness with
nonuniqueness invites us to study further. We can make some sense of this seemingly counterintuitive
coincidence by examining direct sum decompositions of semi-primary groups.
The term rtffr group is short for reduced torsion-free ﬁnite rank abelian group. The ring or module X
is an rtffr ring or an rtffr module if the additive structure (X,+) of X is an rtffr group. Let G be an
rtffr group.
In this paper we use the ring
E(G) = End(G)/N (End(G))
to study the direct sum decompositions of G . The ring E(G) was introduced in [2, Corollary 9.6].
Let Po(G) = {groups H | H ⊕ H ′ ∼= Gn for some group H ′ and some integer n > 0}. Given a ring R
let Po(R) denote the category of ﬁnitely generated projective right R-modules.
Right R-modules M and N are locally isomorphic if for each integer n > 0 there is an integer
m > 0 that is relatively prime to n, and R-module maps fn :M −→ N and gn :N −→ M such that
fn gn = m1N and gn fn = m1M . If we let R = Z then we have deﬁned when two abelian groups M
and N are locally isomorphic. Local isomorphism is referred to as near isomorphism of rtffr groups
in [2,12] and as in the same genus class in [14]. We use the one term to deﬁne what is essentially one
equivalence relationship in our more limited setting.
Let (X) denote the isomorphism class of X and let [X] denote the local isomorphism class of X .
Lemma 1.1. Let P , Q ∈ Po(R), and suppose that J ⊂ J (R). Then P/P J ∼= Q /Q J iff P ∼= Q .
Proof. Since P and Q are projective right R-modules, the isomorphism P/P J ∼= Q /Q J lifts to a map
φ : P −→ Q such that
kerφ ⊂ P J and Q = φ(P ) + Q J .
By Nakayama’s Lemma, Q = φ(P ). Since Q is a projective R-module, P = U ⊕ kerφ where U ∼= Q .
Furthermore, since kerφ ⊂ P J , Nakayama’s Lemma shows us that kerφ = 0, whence P ∼= Q . The
converse is clear so the proof is complete. 
Throughout this paper, E denotes a semi-prime rtffr ring with center center(E) = S . Then E is
a Noetherian (on both sides) ring and QE is a semi-simple Artinian ring. The ring E is a prime ring iff
QE is a simple Artinian ring.
Within this paper, an rtffr ring E is a maximal order if E is a prime ring, and if given a ring
E ⊂ E ′ ⊂ QE such that E ′/E is ﬁnite then E = E ′ . In this case, S = center(E) is a Dedekind domain
and E is a ﬁnitely generated projective S-module. These deﬁnitions are in step with the deﬁnitions of
a classical maximal order as given in [2,14].
The semi-prime rtffr ring E is integrally closed if given a ring E ⊂ E ′ ⊂ QE such that E ′/E is ﬁnite
then E = E ′ . The semi-prime rtffr ring E is an integrally closed ring iff
E = E1 × · · · × Et
for some maximal orders E1, . . . , Et , [2, Corollary 10.14].
The semi-prime rtffr ring E is integrally closed iff the localization Ep is integrally closed for
each rational prime p, [2, Theorem 11.7]. If E is integrally closed then Matn(E) is integrally closed
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rings, [2, Theorem 11.5].
Let E be a semi-prime rtffr ring. An E-lattice is a ﬁnitely generated right E-submodule of the right
E-module QE(n) for some integer n > 0. At all times, we let E denote an integrally closed, semi-
prime, rtffr ring. If U and V are E-lattices then by [2, Corollary 12.3], U is locally isomorphic to V
iff QU ∼= QV as right QE-modules. Given a semi-prime rtffr ring E , there is an integrally closed ring
E ⊂ QE and an integer n = 0 such that nE ⊂ E ⊂ E , [2, p. 127]. Speciﬁcally, E/E is ﬁnite.
If R is an rtffr ring then by the Beaumont–Pierce Theorem [2, Theorem 14.2] there is a semi-prime
subring E such that
R
.= E ⊕ N (R).
Let QE = B . Then QR = B ⊕ N (QR) where B is a semi-simple ﬁnite dimensional Q-algebra. We
view R as a subring of QR . Then
E(G) = {b ∈ B ∣∣ b ⊕ c ∈ End(G) for some c ∈ N (QEnd(G))}
is an rtffr ring that satisﬁes
End(G)
.= E(G) ⊕ N (End(G))
as groups and E(G) ∼= End(G)/N (End(G)) as rings.
Let G be an rtffr group and let E(G) ⊂ E ⊂ B be an integrally closed ring such that E/E(G) is
ﬁnite. By [8, Lemma 2.4] the rtffr group G = EG satisﬁes (i) G ⊂ G ⊂ QG , (ii) G/G is ﬁnite, and
(iii) E(G) = E .
The following notation is used throughout this paper.
1.2.
1. Let E be a semi-prime rtffr ring, and let S = center(E).
2. E ⊂ QE is an integrally closed ring such that E ⊂ E and E/E is ﬁnite. Let S = center(E). There are
maximal orders E1, . . . , Et such that E = E1 × · · · × Et . Let Si = center(Ei) for each i = 1, . . . , t .
Then S = S1 × · · · × St .
3. τ is the largest ideal in S such that τ E ⊂ E . τ is called a conductor of E . Since E/E is ﬁnite, S/τ ,
E/τ E , and E/τ E are ﬁnite.
4. Since τ S ⊂ QS ∩ E = S and since τ is maximal in S with respect to condition (1.2.3), τ = τ S is
an ideal of S . We write τ = τ1 ⊕ · · · ⊕ τt where τi = τ Si .
There can be many integrally closed rings E ⊂ QE such that E/E is ﬁnite, and for each containment
E ⊂ E there is a conductor τ = τ (E, E).
2. Some functors
To study local isomorphism we will need a small collection of functors and categories. For example,
D.M. Arnold and E.L. Lady [5] introduced the following category equivalence.
Theorem 2.1. (See [2, Theorem 5.1].) Let G be an rtffr group and let HG(·) = Hom(G, ·). There is a category
equivalence HG(·) :Po(G) −→ Po(End(G)) that induces bijections
1. {(H) | H ∈ Po(G)} −→ {(W ) | W ∈ Po(E(G))}, and
2. ηG : {[H] | H ∈ Po(G)} −→ {[W ] | W ∈ Po(E(G))}.
A simpler setting for studying ﬁnitely generated projective right R-modules is achieved by consid-
ering R/N (R)-modules.
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AR(·) :Po(R) −→ Po
(
R/N (R))
deﬁned by
AR(·) = · ⊗R R/N (R)
is full. Furthermore, AR(·) induces bijections of sets
1. {(P ) | P ∈ Po(R)} −→ {(W ) | W ∈ Po(R/N (R))}, and
2. αR : {[P ] | P ∈ Po(R)} −→ {[W ] | W ∈ Po(R/N (R))}.
Proof. 1 follows from [6, Proposition 2.12].
2. It is easily veriﬁed that αR is well deﬁned.
Say W ∈ Po(R/N (R)). By part 1 there is a P ∈ Po(R) such that AR(P ) ∼= W . Thus αG is
a surjection. Say αR [P ] = αR [Q ]. Then [P/PN (R)] = [Q /Q N (R)]. By R.B. Warﬁeld, Jr.’s [2, Theo-
rem 13.9], (P/PN (R))n ∼= (Q /Q N (R))n for some integer n > 0. Then Pn/PnN (R) ∼= Q n/Q nN (R),
so by Lemma 1.1, Pn ∼= Q n . Hence, by Warﬁeld’s Theorem, [P ] = [Q ], and so αR is an injection. This
proves part 2. 
Corollary 2.3. (See [2, Corollary 9.6(a)].) There is a full functor
AG(·) :Po(G) −→ Po
(
E(G)
)
deﬁned by AG(·) = (AEnd(G) ◦HG)(·). Furthermore, AG(·) induces bijections
1. {(H) | H ∈ Po(G)} −→ {(W ) | W ∈ Po(E(G))}, and
2. (αEnd(G) ◦ ηG) : {[H] | H ∈ Po(G)} −→ {[W ] | W ∈ Po(E(G))}.
The ring R is semi-perfect if
1. R/J (R) is semi-simple Artinian, and
2. given an e¯2 = e¯ ∈ R/J (R) there is an e2 = e ∈ R such that e¯ = e + J (R). That is, idempotents lift
modulo J (E).
Theorem 2.4. Let R be a ring, let So(R) denote the category of ﬁnitely generated semi-simple right R-modules,
and let
BR(·) = · ⊗R R/J (R).
If R is a semi-perfect ring then the full functor BR(·) :Po(R) −→ So(R) induces a bijection
βR :
{
(P )
∣∣ P ∈ Po(R)}−→ {(W ) ∣∣W ∈ So(R)}.
Proof. Over a semi-perfect ring R , semi-simple right modules are of the form P/PJ (R) for
some ﬁnitely generated projective R-module P , [1], so the assignment (P ) −→ (BR(P )) is a sur-
jection Po(R)/∼= −→ So(R)/∼=. Let P , Q ∈ Po(R) be such that P/PJ (R) = BR(P ) ∼= BR(Q ) =
Q /Q J (R). By Lemma 1.1, P ∼= Q . Then (P ) → (BR(P )) deﬁnes an injective assignment, and hence
BR(·) :Po(R) −→ So(R) induces the bijection βG :Po(R)/∼= −→ So(R)/∼=. The functor BR(·) is full be-
cause objects in Po(R) are projective right R-modules. 
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We study the conductor τ of the semi-prime ring E .
Let
Cτ = {x ∈ S | x+ τ is a unit of S/τ }. (1)
Then Cτ is a multiplicatively closed subset of S containing 1, so we can localize at Cτ . To press the
importance of τ in this localization we let
Xτ = X
[C−1τ ].
Let (·)τ denote the localization functor. Given an S-module X let
X(τ ) = {x ∈ X | xc = 0 for some c ∈ Cτ }. (2)
Then Xτ = (X/X(τ ))τ .
Lemma 3.1. (See [8, Lemma 3.2.1].) Let E be a semi-prime rtffr ring with conductor τ , and let M be a maximal
ideal of S. Then τ ⊂ M iff EM is integrally closed.
The conductor of the semi-prime rtffr ring E gives a local condition that shows us when an E-
lattice is a projective E-module.
Lemma 3.2. (See [8, Lemma 3.2.3].) Let E be a semi-prime rtffr ring with conductor τ and let U be an E-lattice.
Then U is a projective right E-module iff the localization Uτ is a projective right Eτ -module.
Theorem 3.3. Let E be a semi-prime rtffr ring with conductor τ . There are ideals Sτ ⊂ S and Eτ ⊂ E such that
S = S(τ )× Sτ and E = E(τ )× Eτ , and such that Sτ = (Sτ )τ and Eτ = (Eτ )τ . Moreover, S(τ ) and E(τ ) are
integrally closed semi-prime Noetherian rings.
Proof. One shows that S(τ ) is an ideal of S such that S/S(τ ) is Cτ -torsion-free. Thus S/S(τ ) is
an S-lattice. Furthermore, Sτ ∼= (S/S(τ ))τ is a projective Sτ -module. By Lemma 3.2, S/S(τ ) is then
a projective S-module. Hence S = S(τ ) ⊕ Sτ for some ideal Sτ ∼= S/S(τ ) of S . Because S is commu-
tative, S = S(τ ) × Sτ . It follows that Sτ ∼= (S/S(τ ))τ ∼= (Sτ )τ .
In a similar manner E = E(τ ) ⊕ Eτ where Eτ ∼= E/E(τ ). Since E is a semi-prime rtffr ring and
since E(τ ) is an ideal, E = E(τ ) × Eτ .
Moreover, let M be a maximal ideal in S .
If τ ⊂ M then by Lemma 3.1, EM is an integrally closed ring so that E(τ )M is integrally closed.
On the other hand, if τ ⊂ M then Cτ ⊂ CM . Thus
E(τ )M =
(
E(τ )M
)
τ
= (E(τ )τ )M = 0
since for each element x ∈ E(τ ) there is a c ∈ Cτ such that xc = 0. Thus E(τ )M is integrally closed for
each maximal ideal M ⊂ S , and hence E(τ ) is integrally closed. This completes the proof. 
Corollary 3.4. Let E be a semi-prime rtffr ring and let U be an E-lattice. Then U (τ ) = U E(τ ), U τ = U Eτ , and
U = U (τ ) ⊕ U τ . Moreover, U τ ⊂ (U τ )τ ∼= Uτ as right Eτ -modules.
Proof. Since U is an E-lattice there is an integer n > 0 such that U ⊂ En . By Theorem 3.3,
E = E(τ ) × Eτ , so that U E(τ ) ⊂ U (τ ) ⊂ E(τ )n , U Eτ ⊂ (Eτ )n , and U = U E(τ ) ⊕ U Eτ . Furthermore
(U Eτ )(τ ) ⊂ (Eτ )n ∩ E(τ )n = 0. Then U Eτ is Cτ -torsion-free, hence U (τ ) = U E(τ ) and U τ = U Eτ ,
whence U = U (τ ) ⊕ U τ .
Moreover, because U τ is Cτ -torsion-free, U τ ⊂ (U τ )τ = Uτ . This completes the proof. 
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The main result of this section shows how localization at the conductor can be used to translate
local isomorphism into isomorphism. We invoke the conditions (1.2) without reference. Given a right
E-module U , let U = U (τ ) ⊕ U τ as in Corollary 3.4.
Deﬁne a functor Lτ (·) as follows:
Lτ (·) :Po(E) −→ Po
(
QE(τ ) × Eτ
)
,
Lτ (U ) = QU (τ ) ⊕ Uτ .
Since localization functors are additive and exact, Lτ (·) is a well-deﬁned additive exact functor. Let
λτ [U ] =
(
Lτ (U )
)= (QU (τ ) ⊕ Uτ )
for each U ∈ Po(E).
Theorem 4.1. Let E be a semi-prime rtffr ring with conductor τ . Then
λτ :
{[U ] ∣∣ U ∈ Po(E)}−→ {(W ) ∣∣W ∈ Po(QE(τ ) × Eτ )}
is a functorial bijection.
Proof. The proof is a series of lemmas.
Lemma 4.2. Let E be a semi-prime rtffr ring with conductor τ , and let U , V be E-lattices. Then U is locally
isomorphic to V iff QU (τ ) ∼= QV (τ ) and U τ is locally isomorphic to V τ .
Proof. By Theorem 3.3, E = E(τ ) × Eτ , where E(τ ) is an integrally closed Noetherian semi-prime
rtffr ring, and Eτ is a Noetherian semi-prime rtffr ring. It is clear that U is locally isomorphic to V iff
U (τ ) is locally isomorphic to V (τ ) as E(τ )-lattices, and U τ is locally isomorphic to V τ as Eτ -lattices.
Since E(τ ) is integrally closed, [2, Corollary 12.3] states that U (τ ) is locally isomorphic to V (τ ) iff
QU (τ ) ∼= QV (τ ). This proves the lemma. 
Corollary 4.3. Let E be a semi-prime rtffr ring with conductor τ . Then λτ is a well-deﬁned function.
Proof. Suppose that U , V ∈ Po(E) are locally isomorphic. By Lemma 4.2, QU (τ ) ∼= QV (τ ) and U τ is
locally isomorphic to V τ . One proves that because Eτ is a semi-local ring, (U τ )τ ∼= (V τ )τ . Then by
Corollary 3.4,
Uτ ∼=
(
U τ
)
τ
∼= (V τ )τ ∼= Vτ .
Hence
Lτ (U ) = QU (τ ) ⊕ Uτ ∼= QV (τ ) ⊕ Vτ = Lτ (V ),
and so λτ is well deﬁned. 
Lemma 4.4. Let E be a semi-prime rtffr ring with conductor τ .
1. For each ﬁnitely generated projective QE(τ )-module W there is a ﬁnitely generated projective right E(τ )-
module U such that QU ∼= W .
2. For each ﬁnitely generated projective Eτ -module W there is a ﬁnitely generated projective Eτ -module U
such that Uτ ∼= W .
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w1E(τ ) + · · · + wsE(τ ) be the E(τ )-lattice generated by w1, . . . ,ws . Let ⊕si=1 xi E(τ ) be a free right
E(τ )-module on {x1, . . . , xs}. There is an E(τ )-module surjection π :⊕si=1 xi E(τ ) −→ U such that
π(xi) = wi for each i. Because localization is exact the image of 1 ⊗ π :⊕si=1 xiQE(τ ) −→ QU ⊂ W
is
QU = w1QE(τ ) + · · · + wsQE(τ ) = W .
Because E(τ ) is integrally closed, U is a ﬁnitely generated projective right E(τ )-module. This proves
part 1.
2. Let W ∈ Po(Eτ ) and write W = w1Eτ + · · · + wsEτ for some ﬁnite set {w1, . . . ,ws} ⊂ W . Let
U = w1Eτ + · · · + wsEτ be the Eτ -lattice generated by w1, . . . ,ws . Let ⊕si=1 xi Eτ be a free right Eτ -
module on {x1, . . . , xs}. There is an Eτ -module surjection π :⊕si=1 xi Eτ −→ U such that π(xi) = wi
for each i. Because Eτ ∼= (Eτ )τ , and because localization is exact, the image of πτ :⊕si=1 xi Eτ −→
Uτ ⊂ W is
Uτ = w1Eτ + · · · + wsEτ = W .
Furthermore, Uτ = W is a ﬁnitely generated projective Eτ -module, so by Lemma 3.2, U is a ﬁnitely
generated projective E-module. The lemma is proved. 
Corollary 4.5. Let E be a semi-prime rtffr ring with conductor τ . Then λτ is a surjection.
Proof. Given W ∈ Po(QE(τ ) × Eτ ), W = W (τ ) ⊕ W τ for some ﬁnitely generated projective mod-
ules W (τ ) over QE(τ ) and W τ over Eτ . By Lemma 4.4 there are U ′,U ′′ ∈ Po(E) such that QU ′ =
W (τ ) and (U ′′)τ = Wτ . Since Lτ (U ′) = QU ′ = W (τ ) and since Lτ (U ′′) = U ′′τ = Wτ , λτ (U ′ ⊕ U ′′) =
(W (τ ) ⊕ Wτ ) = (W ). Hence λτ is a surjection. 
It remains to show that λτ is an injection.
Lemma 4.6. Let S and τ be as in (1.2). Suppose that S = Sτ , and let n = 0 ∈ τ be an integer. Then Sn = SnS .
Proof. Let n = 0 ∈ τ , let {T1, . . . , Ts} be a complete set of the maximal ideals of S that contain τ , and
let {M1, . . . ,Mr, T1, . . . , Ts} be a complete set of the maximal ideals of S that contain nS . Let
Cn = {c ∈ S | c + nS is a unit in S/nS}.
We claim that Sn ⊂ SnS ⊂ QS naturally. Since S/nS is a Z/nZ-algebra, and since nS ⊂ τ , we have
{m ∈ Z | m + nZ is a unit in Z/nZ} ⊂ Cn ⊂ Cτ . Since S = Sτ is a Cτ -torsion-free S-module, S is a
Cn-torsion-free S-module. That is, yc = 0 for each element c ∈ Cn and y = 0 ∈ S . Hence, as claimed,
there is an inclusion S ⊂ SnS ⊂ QS that lifts to one Sn ⊂ SnS ⊂ QS .
We show that Sn = SnS . Let N ∈ {M1, . . . ,Mr, T1, . . . , Ts}. Since n ∈ nS ⊂ N , Cn ⊂ CN . Thus
(Sn)N = (SN )n = SN = (SN )nS = (SnS )N .
Say, on the other hand, that N /∈ {M1, . . . ,Mr, T1, . . . , Ts}. Then n /∈ N so that QSN = (SN )n = (Sn)N .
By the above claim and the exactness of localization, (Sn)N ⊂ (SnS )N ⊂ QSN . Thus (Sn)N =
(SnS )N = QSN . By the Local–Global Theorem, Sn = SnS , which completes the proof of the lemma. 
Lemma 4.7. Let E be a semi-prime rtffr ring with conductor τ . Let n = 0 ∈ τ be an integer. Let E = Eτ and
let U and V ∈ Po(E). If Uτ ∼= Vτ then Un ∼= Vn.
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ideals of S that contain nS , where T1, . . . , Ts is the list of maximal ideals of S that contain τ .
Let T ∈ {T1, . . . , Ts} and let CT = {c ∈ S | c+ T is a unit in S/T }. Since T is maximal, S/T is a ﬁeld,
a CT -torsion-free divisible S-module. Moreover, Cτ ⊂ CT . Then for each right E-module X ,
X/XT ∼= (X/XT )τ ∼= Xτ /Xτ Tτ .
Hence, the isomorphism Uτ ∼= Vτ of Eτ -modules induces an isomorphism
U
UT
∼= Uτ
Uτ Tτ
∼= Vτ
Vτ Tτ
∼= V
V T
so that
s⊕
i=1
U
UTi
∼=
s⊕
i=1
V
V Ti
as right E-modules.
Next, let M ∈ {M1, . . . ,Mr}. By hypothesis, E = Eτ , so that E is Cτ -torsion-free. Hence E ⊂
Eτ ⊂ QE , so that QE ∼= QEτ . Then, since U , V ∈ Po(E) and since Uτ ∼= Vτ , QU = QUτ = QVτ = QV .
Localizing at M yields QUM ∼= QVM . Since M /∈ {T1, . . . , Ts}, Lemma 3.1 states that EM is integrally
closed. Then Lemma 4.2 implies that UM is locally isomorphic to VM . Since EM is a semi-local ring,
UM ∼= VM as right EM -modules. Thus
U/UM ∼= UM/UMMM ∼= VM/VMMM ∼= V /V M
so that
r⊕
i=1
U
UMi
⊕
s⊕
j=1
U
UT j
∼=
r⊕
i=1
V
V Mi
⊕
s⊕
j=1
V
V T j
. (3)
Let J = M1 ∩ · · · ∩Mr ∩ T1 ∩ · · · ∩ Ts . Then JnS = J (SnS ) ⊂ J (EnS ) by our choice of maximal ideals
{M1, . . . ,Mr, T1, . . . , Ts} in S . By applying the Chinese Remainder Theorem to (3), we have
UnS/UnS JnS ∼= U/U J ∼= V /V J ∼= VnS/VnS JnS .
Since U and V are projective E-modules, UnS and VnS are projective EnS -modules. Then by
Lemma 1.1, UnS ∼= VnS as left EnS -modules. Putting this together with Lemma 4.6 yields the equa-
tion
Un ∼= U ⊗S Sn ∼= U ⊗S SnS ∼= UnS ∼= VnS ∼= V ⊗S SnS ∼= V ⊗S Sn ∼= Vn
which proves the lemma. 
Lemma 4.8. Let E be a semi-prime rtffr ring with conductor τ . If U , V ∈ Po(E) then U and V are locally
isomorphic right E-modules iff QU (τ ) ∼= QV (τ ) as right QE(τ )-modules and Uτ ∼= Vτ as right Eτ -modules.
Proof. For X ∈ Po(E), write X = X(τ ) ⊕ Xτ as in Corollary 3.4. Suppose that QU (τ ) ∼= QV (τ ) and
that Uτ ∼= Vτ .
Since U (τ ) and V (τ ) are E(τ )-lattices, Lemma 4.2 and QU (τ ) ∼= QV (τ ) show us that U (τ ) is
locally isomorphic to V (τ ).
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By Corollary 3.4, (U τ )τ ∼= (V τ )τ , so by Lemma 4.7, (U τ )n ∼= (V τ )n as right Eτ -modules. Since n was
arbitrarily taken, U τ is locally isomorphic to V τ . Thus U = U (τ ) ⊕ U τ is locally isomorphic to V =
V (τ ) ⊕ V τ . The converse is clear, so the proof of the lemma is complete. 
Corollary 4.9. Let E be a semi-prime rtffr ring with conductor τ . Then λτ is an injection.
Proof. Follows from Lemma 4.8. 
Proof of Theorem 4.1 completed: By Corollaries 4.5 and 4.9, λτ is a bijection. This completes the
proof of the theorem. 
5. Rtffr groups
Fix an rtffr group G . A conductor of G is a conductor τ of E(G). Let
Eτ (G) = QE(G)(τ ) × E(G)τ .
Notice the difference between E(G)τ , a localization of E(G), and the ring product Eτ (G). Deﬁne an
additive functor LG(·) as the composition of functors,
LG(·) = Lτ (·) ◦ AEnd(G)(·) ◦HG(·) :Po(G) −→ Po
(
Eτ (G)
)
, (4)
and let
λG [H] =
(
LG(H)
)
for each H ∈ Po(G).
Theorem 5.1. Let G be an rtffr ring with conductor τ . There is a functorial bijection
λG :
{[H] ∣∣ H ∈ Po(G)}−→ {(W ) ∣∣W ∈ Po(Eτ (G))}.
Proof. Let G be an rtffr group with a conductor τ . By Theorem 2.1, HG(·) induces a bijection
ηG :
{[H] ∣∣ H ∈ Po(G)}−→ {[W ] ∣∣W ∈ Po(End(G))}
such that ηG [H] = [HG(H)].
Theorem 2.2 shows us that the functor AEnd(G)(·) :Po(End(G)) −→ Po(E(G)) induces a bijection
αG :
{[P ] ∣∣ P ∈ Po(End(G))}−→ {[Q ] ∣∣ Q ∈ Po(E(G))}
such that αG [P ] = [AEnd(G)(P )].
By Theorem 4.1, Lτ (·) induces a bijection
λτ :
{[Q ] ∣∣ Q ∈ Po(E(G))}−→ {(W ) ∣∣W ∈ Po(Eτ (G))}
such that λτ [Q ] = (QQ (τ ) ⊕ Q τ ). Then
λG [H] = (λτ ◦ αG ◦ ηG)[H] =
(
LG(H)
)
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λG :
{[H] ∣∣ H ∈ Po(G)}−→ {(W ) ∣∣W ∈ Po(Eτ (G))}.
This completes the proof. 
Corollary 5.2. Let G be an rtffr group and assume that E(G) is an integrally closed ring. There is a bijection
λG(·) :
{[H] ∣∣ H ∈ Po(G)}−→ {(W ) ∣∣W ∈ Po(QE(G))}
such that
λG [H] =
(
LG(H)
)
.
Proof. Apply Theorem 5.1, observing that τ = S so that E(G)τ = QE(τ ). 
Corollary 5.3. Let G be an rtffr group with conductor τ = S, and assume that G has no nonzero integrally
closed direct summand H. There is a bijection
λG(·) :
{[H] ∣∣ H ∈ Po(G)}−→ {(W ) ∣∣W ∈ Po(E(G)τ )}.
Proof. By Theorem 3.3 and by the hypothesis on G , E(G)(τ ) = 0 and Eτ (G) = E(G)τ . Apply Theo-
rem 5.1 to complete the proof of the corollary. 
In the next result, observe that if Eτ (G) is semi-perfect then direct sum decompositions of Gn
behave like ﬁnitely generated semi-simple modules over Eτ (G).
Theorem 5.4. Let G be an rtffr group with conductor τ . Let So(Eτ (G)) be the category of ﬁnitely generated
semi-simple right Eτ (G)-modules, and suppose that Eτ (G) is semi-perfect.
1. There is a functor
CG (·) = (BEτ (G) ◦ Lτ ◦ AEnd(G) ◦HG)(·) :Po(G) −→ So
(
Eτ (G)
)
.
2. CG (·) induces a bijection
γG :
{[H] ∣∣ H ∈ Po(G)}−→ {(M) ∣∣ M ∈ So(Eτ (G))}.
Proof. Part 1 follows from Theorems 2.1, 2.2, 2.4, and 4.1. For part 2, let γG = βEτ (G) ◦λτ ◦αEnd(G) ◦ηG .
This completes the proof. 
6. Direct sum decompositions
The power of Theorem 5.1 is that it translates local isomorphism classes of an rtffr group G into
isomorphism classes of ﬁnitely generated projective right modules over the semi-local semi-prime
ring Eτ (G). For this reason when discussing direct sum decompositions of G we can instead study
these decompositions over the pleasantly structured ring Eτ (G).
Arnold’s Theorem [2, Theorem 12.6] states that H is locally isomorphic to G1 ⊕ G2 as rtffr groups
iff H = H1 ⊕ H2 for some rtffr groups H1, H2 such that H j and G j are locally isomorphic for j = 1,2.
Theorem 6.1. Let G be an rtffr group with conductor τ , let LG(·) be the functor in (4), and let H ∈ Po(G).
Then LG(H) ∼= W1 ⊕ W2 as right Eτ (G)-modules iff H ∼= H1 ⊕ H2 for some rtffr groups H1 , H2 such that
LG(H j) ∼= W j for j = 1,2.
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Po(Eτ (G)). By Theorem 5.1, the functor LG(·) = Lτ ◦ AEnd(G) ◦ HG(·) induces a bijection λG : {[H] |
H ∈ Po(G)} −→ {(W ) | W ∈ Po(E(G))}. By Theorem 2.2, (AEnd(G) ◦ HG)(H) = U is a ﬁnitely gener-
ated projective right E(G)-module such that Lτ (U ) ∼= W , and similarly because λτ is a bijection
there are U1,U2 ∈ Po(Eτ (G)) such that Lτ (Ui) ∼= Hi for i = 1,2. By Theorems 2.1 and 2.2 there are
H1, H2 ∈ Po(G) such that (AEnd(G) ◦HG)(Hi) ∼= Ui for i = 1,2. Thus
LG(H) = W ∼= W1 ⊕ W2 ∼= LG(H1) ⊕ LG(H2) = LG(H1 ⊕ H2).
Since λG is a bijection, Theorem 5.1 states that H is locally isomorphic to H1 ⊕ H2. Arnold’s The-
orem [2, Theorem 12.6] shows us that H ∼= H ′1 ⊕ H ′2 for some H ′i that is locally isomorphic to Hi
for i = 1,2. This completes the proof of the ﬁrst implication. The converse is clear, so the proof is
complete. 
Theorem 6.2. Let G be an rtffr group with conductor τ . Then
G = G(τ ) ⊕ Gτ
where LG(G(τ )) = QE(τ ) and LG(Gτ ) = E(G)τ .
Proof. We have
LG(G) =
(
Eτ (G)
)= (QE(τ ) ⊕ E(G)τ ).
By Theorem 6.1, G = G(τ )⊕ Gτ for some groups G(τ ) and Gτ such that LG(G(τ )) = QE(τ ), and such
that LG(Gτ ) = E(G)τ . This completes the proof. 
Since each P ∈ Po(Eτ (G)) can be written as P (τ ) ⊕ P τ where P (τ ) is the Cτ -torsion E(G)-
submodule of P , an application of Theorem 6.1 proves the following theorem.
Theorem 6.3. Let G be an rtffr group with conductor τ . Then:
1. Each H ∈ Po(G) can be written uniquely as H = H(τ ) ⊕ Hτ where H(τ ) ∈ Po(G(τ )) and Hτ ∈ Po(Gτ ).
2. There is a functorial bijection
QλG :
{
(H)
∣∣ H ∈ Po(G(τ ))}−→ {(W ) ∣∣W ∈ Po(QE(G)(τ ))}.
3. There is a functorial bijection
λτG :
{
(H)
∣∣ H ∈ Po(Gτ )}−→ {(W ) ∣∣W ∈ Po(E(G)τ )}.
Proof. 1. Let H ∈ Po(G) and let (AEnd(G) ◦ HG)(H) = U ∈ Po(E(G)). By Corollary 3.4, U = U (τ ) ⊕ U τ
where U (τ ) is a ﬁnitely generated projective E(G)(τ )-module, and U τ is a ﬁnitely generated projec-
tive E(G)τ . By Theorems 2.1 and 2.2 there are groups H(τ ) and Hτ such that (AEnd(G) ◦HG)(H(τ )) =
U (τ ) and (AEnd(G) ◦HG)(Hτ ) = U τ . Furthermore,
(AEnd(G) ◦HG)(H) ∼= U (τ ) ⊕ U τ
∼= (AEnd(G) ◦HG)
(
H(τ )
)⊕ (AEnd(G) ◦HG)(Hτ )
∼= (AEnd(G) ◦HG)
(
H(τ ) ⊕ Hτ ).
Hence H ∼= H(τ ) ⊕ Hτ by Theorems 2.1 and 2.2.
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details are left to the reader. This completes the proof. 
Remark 6.4. We conclude from Theorem 6.3 that:
1. Direct sum decompositions of G(τ ) are functorially equivalent to direct sum decompositions of
ﬁnitely generated semi-simple modules over the semi-simple Artinian ring QE(τ ).
2. Direct sum decompositions of Gτ are functorially equivalent to direct sum decompositions of
ﬁnitely generated projective modules over the semi-local semi-prime rtffr ring E(G)τ .
Corollary 6.5. Let G be an rtffr group with conductor τ and let H ∈ Po(G). Then H is an indecomposable rtffr
group iff LG(H) is an indecomposable ﬁnitely generated projective right Eτ (G)-module.
Corollary 6.6. Let G be an rtffr group with conductor τ . The following are equivalent.
1. G is indecomposable.
2. If G is locally isomorphic to H then H is indecomposable.
3. E(G) is indecomposable as a right E(G)-module.
4. Eτ (G) is indecomposable as a right Eτ (G)-module.
Proof. 1 ⇒ 2 Apply Arnold’s Theorem.
2 ⇒ 3 Say that G is locally isomorphic to H and that E(G) = (AEnd(G) ◦ HG)(H) ∼= U1 ⊕ U2. By
Theorem 2.2, H ∼= H1 ⊕ H2 where (AEnd(G) ◦HG)(Hi) ∼= Ui for i = 1,2.
3 ⇒ 4 Say LG(G) = Eτ (G) ∼= U1 ⊕ U2. Then by Theorem 5.1, G = G1 ⊕ G2 where LG(Gi) ∼= Ui
for each i = 1,2. Thus E(G) = (AEnd(G) ◦ HG)(G1) ⊕ (AEnd(G) ◦ HG)(G2), which proves that E(G) has
a nonzero decomposition.
4 ⇒ 1 Say G = G1 ⊕ G2. Then Eτ (G) = Lτ (G) = Lτ (G1) ⊕ Lτ (G2) is decomposable. This completes
the proof. 
The rtffr group G has a (locally) unique decomposition if (i) G = G1 ⊕ · · · ⊕ Gt for some indecom-
posable rtffr groups G1, . . . ,Gt , and (ii) if G ∼= H1 ⊕ · · · ⊕ Hs for some indecomposable rtffr groups
H1, . . . , Hs then s = t and Gi is (locally) isomorphic to Hi after a permutation of the subscripts.
We say that the rtffr group G has the (local) reﬁnement property if (i) G = G1 ⊕ · · · ⊕ Gt for some
indecomposable rtffr groups G1, . . . ,Gt , and (ii) each H ∈ Po(G) is (locally) isomorphic to a direct sum
of rtffr groups in {G1, . . . ,Gt}.
Theorem 6.7. Let G be an rtffr group with conductor τ . The following are equivalent.
1. G has a locally unique decomposition.
2. The localization E(G)τ has a unique decomposition as a right E(G)τ -module.
Proof. 2 ⇔ 1 By Theorem 5.1, there is a functorial bijection λG : {[H] | H ∈ Po(G)} −→ {(W ) |
W ∈ Po(Eτ (G))}. Recall that Eτ (G) = QE(G)(τ ) × E(G)τ , where QE(G)(τ ) is a semi-simple Artinian
ring. Then G has a locally unique decomposition iff E(G)τ has a unique decomposition. This completes
the proof. 
Theorem 6.8. Let G be an rtffr group with conductor τ . The following are equivalent.
1. G has the local reﬁnement property.
2. The localization E(G)τ has the reﬁnement property as a right E(G)τ -module.
There is at least one nontrivial class of rtffr groups G that satisﬁes the conditions in Theorems 6.7
and 6.8.
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local reﬁnement property if the localization E(G)τ is a semi-perfect ring.
Proof. Since E(G)τ is a semi-perfect ring it satisﬁes Theorems 6.7.2 and 6.8.2, so G satisﬁes Theo-
rems 6.7.1 and 6.8.1. 
Corollary 6.10. Let G be an rtffr group with conductor τ . Then G is an indecomposable group and it has the
local reﬁnement property if Eτ (G) is a local ring.
Proof. A local ring is an indecomposable semi-perfect ring. Now apply Theorem 6.9. 
7. Locally semi-perfect rings
Given Theorem 6.9 we are motivated to ﬁnd semi-prime rtffr rings E with conductor τ such that
the localization Eτ is a semi-perfect ring. In this section, we give some conditions on τ and E such
that the localization Eτ is semi-perfect. Our interest in semi-perfect rings follows from the fact that
a semi-perfect ring E has a unique decomposition.
An ideal I = 0 in a commutative ring S is called a primary ideal if S/I is a local ring with nilpotent
Jacobson radical.
7.1. Recall that τ , E , S , E , and S satisfy (1.2).
1. Assume that the ideal τi is primary in Si for each i = 1, . . . , t .
2. Assume that there are integers n1, . . . ,nt > 0 and algebraic number ﬁelds k1, . . . ,kt such that
QEi = Matni (ki).
Lemma 7.2. Let E be a semi-perfect ring, and let e2 = e, f 2 = f ∈ E be such that eE ∼= f E. There is a unit
u ∈ E such that ueu−1 = f .
Proof. Since e2 = e and f 2 = f we can write
E = eE ⊕ (1− e)E = f E ⊕ (1− f )E
and since E is semi-perfect (1− e)E ∼= (1− f )E by the Azumaya–Krull–Schmidt Theorem. Thus there
is an isomorphism u : E −→ E such that
u(eE) = f E and
u
(
(1− e)E)= (1− f )E
so that ue ∈ f E and u(1− e) ∈ (1− f )E . Evidently u is multiplication by a unit of E so
1= u1u−1
= u(e + (1− e))u−1
= ueu−1 ⊕ u(1− e)u−1
∈ f E ⊕ (1− f )E.
Since 1 can be written in exactly one way as an element in a direct sum we must have ueu−1 = f .
This completes the proof of the lemma. 
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Proof. Let J ⊂ J (E) and let e ∈ E be such that e2 − e ∈ J ⊂ J (E). Given x ∈ E let x¯ = x+ J ∈ E/ J .
Because E is semi-perfect there is an f 2 = f ∈ E such that e − f ∈ J (E). Then e¯, f¯ ∈ E/ J are
idempotents such that e¯ − f¯ ∈ J (E/ J ) = J (E)/ J . We will show that there is a unit u¯ ∈ E/ J such
that u¯ f¯ u¯−1 = e¯.
We have e¯ + J (E/ J ) = f¯ + J (E/ J ) and e¯2 = e¯, f¯ 2 = f¯ ∈ E/ J so that
e¯E/ J
e¯J (E/ J )
∼= (e¯ + J (E/ J )) E/ JJ (E/ J ) =
(
f¯ + J (E/ J )) E/ JJ (E/ J ) ∼=
f¯ E/ J
f¯ J (E/ J ) .
By Lemma 7.2 there is a unit u¯ ∈ E/ J such that e¯ = u¯ f¯ u¯−1.
Since units lift modulo J ⊂ J (E), u¯ = u + J for some unit u ∈ E and hence u f u−1 ≡ e (mod J ).
Thus idempotents lift modulo J in E . 
We need to know [3, Theorem 3.84]: if U is a ﬁnitely presented S-module and if C is multiplica-
tively closed subset of S that contains 1 then
(
EndS (U )
)[C−1]∼= EndS[C−1](U[C−1])
as rings.
Lemma 7.4. Let E be an integrally closed semi-prime rtffr ring with center S, and assume (7.1). The localiza-
tion Eτ is a semi-perfect ring.
Proof. As in (1.2), write E = E1 × · · · × Et and S = S1 × · · · × St , where the QEi are the simple
Artinian factors of QE and where Si is the center of Ei . By (7.1.2), Matn1 (k1), . . . ,Matnt (kt) are the
simple factors of QE . Thus, after a permutation of subscripts, QEi ∼=Matni (ki) for each i = 1, . . . , t .
Fix i ∈ {1, . . . , t}. Then
QSi = center(QEi) = center
(
Matni (ki)
)= ki .
Let Vi be a simple left module over the simple Artinian ring QEi and let Ui = Ei vi = 0 be a nonzero
cyclic left Ei-submodule of Vi . Then
Ui ⊂ QUi = QEi vi = Vi ∼= k(ni)i .
Since Si is a Dedekind domain, and since Ei is a ﬁnitely generated projective Si-module, we see that
Ui is a ﬁnitely generated projective Si-module. Thus EndSi (Ui) is a ﬁnitely generated torsion-free
Si-module. Furthermore
Ei ⊂ EndSi (Ui) ⊂ Endki (QUi) = Endki
(
k(ni)i
)= Matni (ki) ∼= QEi .
Thus EndSi (Ui)/Ei is a ﬁnitely generated torsion Si-module. By hypothesis, Ei is a maximal order, so
Ei = EndSi (Ui).
Since Ui is a ﬁnitely generated projective Si-module [3, Theorem 3.84] implies that
(Ei)τ = (Ei)τi ∼= End(S )
(
(Ui)τi
)
.i τi
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Si
τi
∼=
(
Si
τi
)
τi
∼= (Si)τi
(τi)τi
is a local ring. Since (τi)τi ⊂ J ((Si)τi ), (Si)τi is a local ring.
Moreover since (Ui)τi is then a projective module over the local ring (Si)τi , (Ui)τi ∼= (Si)(mi )τi for
some integer mi > 0. Then
(Ei)τ ∼= End(Si)τi
(
(Ui)τi
)∼= Matmi ((Si)τi ).
Since (Si)τi is a local ring, Matmi ((Si)τi ) is a semi-perfect ring. Thus (Ei)τi is semi-perfect, and hence
Eτ is semi-perfect. This completes the proof of the lemma. 
Lemma 7.5. Assume (7.1). Idempotents of Eτ /Eτ ττ lift to idempotents of Eτ .
Proof. Let e ∈ Eτ be such that e2 − e ∈ ττ Eτ . Inasmuch as τ E ⊂ E ⊂ E , setting I = τ 2τ Eτ gives us
I = ττ (ττ Eτ ) ⊂ ττ Eτ ⊂ J (Eτ ).
Since idempotents lift modulo the nilpotent ideal ττ Eτ /I ⊂ Eτ /I , there is an ( f + I)2 = f + I ∈ Eτ /I ⊂
Eτ /I such that e − f ∈ ττ Eτ . Now, by Lemma 7.4, Eτ is semi-perfect, and since I = τ 2τ Eτ ⊂ J (Eτ ),
Lemma 7.3 states that there is a g2 = g ∈ Eτ such that f + I = g + I . Thus g ∈ f + I ⊂ Eτ , and hence
idempotents in Eτ /ττ Eτ lift to idempotents in Eτ . 
Theorem 7.6. Let E be a semi-prime rtffr ring with conductor τ that satisﬁes (7.1). Then QE(τ )× Eτ is a semi-
perfect ring.
Proof. Since E is semi-prime, QE(τ ) is semi-simple, hence semi-perfect. Thus it suﬃces to assume
that E(τ ) = 0.
Let e2 − e ∈ J (Eτ ). Since J (Eτ )/ττ Eτ is a nilpotent ideal in the ﬁnite ring Eτ /ττ Eτ , there is an
( f + ττ Eτ )2 = ( f + ττ Eτ ) ∈ Eτ /ττ Eτ
such that
( f + ττ Eτ ) − (e + ττ Eτ ) ∈ J (Eτ )/ττ Eτ .
By Lemma 7.5, the idempotent f + ττ Eτ lifts to an idempotent of Eτ , so there is an idempotent
g ∈ Eτ such that f − g ∈ ττ Eτ . Then
e − g = (e − f ) + ( f − g) ∈ J (Eτ ),
and hence idempotents lift modulo J (Eτ ).
Moreover, τ has ﬁnite index in S . Thus E/τ E ∼= Eτ /ττ Eτ is ﬁnite. Since ττ Eτ ⊂ J (ττ Eτ ),
Eτ /J (Eτ ) is a (ﬁnite) semi-simple Artinian ring. Thus Eτ is a semi-perfect ring. This completes the
proof of the theorem. 
Corollary 7.7. Suppose that E is a prime rtffr ring with conductor τ such that QE ∼= Matn(k) for some integer
n > 0 and some algebraic number ﬁeld k. Let S be the integral closure of S in k. If τ is a primary ideal in S
then Eτ is a semi-perfect ring.
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main with ﬁeld of quotients k. There is a unique Dedekind domain S ⊂ S such that S/S is ﬁnite. By
assumption τ is primary in S . Thus E and S satisfy (7.1). Now apply Theorem 7.6. 
8. Balanced semi-primary rtffr groups
Let G be an rtffr group. By [7, Lemma 2.4] there is an integrally closed group G with integrally
closed ring E(G) such that G ⊂ G , G/G is ﬁnite, E(G) ⊂ E(G), and E(G)/E(G) is ﬁnite.
The results of this section will give conditions on the containment G ⊂ G under which G and G
have a locally unique decomposition and the local reﬁnement property. Since the group G can be
easier to manipulate than G , there is some interest in G and the embedding G ⊂ G . For instance,
[10, Theorem 3.5] states that if G is an acd group such that G/G is a primary abelian group then G
has a locally unique decomposition and the local reﬁnement property.
The rtffr group G is an rtffr Dedekind group if E(G) is a Dedekind domain. If G is an rtffr Dedekind
group then G is integrally closed and strongly indecomposable.
The set {G1, . . . ,Gt} of strongly indecomposable rtffr groups is said to be nilpotent if Gi ˙ G j for
integers i = j ∈ {1, . . . , t}. See [8, p. 72]. Suppose there is a nilpotent set {G1, . . . ,Gt} of Dedekind rtffr
groups and integers n1, . . . ,nt > 0 such that
G = Gn11 ⊕ · · · ⊕ Gntt . (5)
We say that G is a semi-Dedekind rtffr group. For each i = 1, . . . , t let
N (End(Gi))⊂ Pi ⊂ End(Gi)
be an ideal of ﬁnite index in End(Gi), let
Po = P1 ⊕ · · · ⊕ Pt ⊂ End(G) (6)
and let G be any group such that
PoG ⊂ G ⊂ G.
We have an unambiguous deﬁnition for the action
Po
(
Gnii
)= (PiGi)ni
so that
PoG = P1Gn11 ⊕ · · · ⊕ PtGntt
is well deﬁned. We say that Po is an index of G in G .
We will use the notations G , Gi , Po , and Pi in the way that they are used in (5) and (6). We say
that G has semi-primary index in G if we can write PoG ⊂ G ⊂ G where each ideal Pi in End(Gi) is
a primary ideal. We say that G is a balanced subgroup of G if G ⊂ G , and if E(G) ⊂ E(G). We say that G
is a balanced semi-primary group if there is a balanced embedding G ⊂ G in which G has semi-primary
index in G .
The next result explains our interest in balanced semi-primary rtffr groups.
Theorem 8.1. Let G be a balanced semi-primary rtffr subgroup of a semi-Dedekind rtffr group. Then
1. E(G)τ is a semi-perfect ring,
2. G has a locally unique decomposition, and
3. G has the local reﬁnement property.
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Lemma 8.2. Let G be a balanced semi-primary rtffr subgroup of a semi-Dedekind rtffr group. Then G satisﬁes
the conditions in (7.1).
Proof. Let G be a balanced semi-primary rtffr group. There is a semi-Dedekind rtffr group G as in (5)
and a semi-primary index Po as in (6) such that PoG ⊂ G ⊂ G and E(G) ⊂ E(G). Since Pi has ﬁnite
index in End(Gi) for each i = 1, . . . , t , G .= G .
For each i = 1, . . . , t , E(Gi) is a Dedekind domain whose ﬁeld of fractions QE(Gi) = ki is an alge-
braic number ﬁeld. Since {G1, . . . ,Gt} is a nilpotent set [2, Theorem 9.10] implies that
QE(G) =Matn1 (k1) × · · · ×Matnt (kt).
Since G
.= G , End(G) .= End(G), so that QE(G) ∼= QE(G) as rings. Thus QE(G) satisﬁes condi-
tion (7.1.2).
As for condition (7.1.1), for each i = 1, . . . , t , Pi maps onto a nonzero proper primary ideal
Ti ⊂ E(Gi). Let To = T1 ⊕ · · · ⊕ Tt . Then To is an ideal of ﬁnite index in center(E(G)) = S =
E(G1) × · · · × E(Gt). Since PoG ⊂ G and since E(G) ⊂ E(G),
To E(G) = Po E(G) ⊂ E(G) ⊂ E(G).
Let τ = τ1⊕· · ·⊕τt be the conductor of E(G) relative to E(G). Since τ is the largest ideal in S such
that τ E(G) ⊂ E(G) we have To ⊂ τ . Then Ti ⊂ τi ⊂ E(Gi) for each i = 1, . . . , t . Since Ti is a primary
ideal of ﬁnite index in E(Gi), τi is a primary ideal in E(Gi). Thus E(G) satisﬁes condition (7.1.1), which
completes the proof of the lemma. 
Proof of Theorem 8.1. Lemma 8.2 shows us that G satisﬁes the conditions in (7.1). Theorem 7.6 states
that then the localization E(G)τ is a semi-perfect ring. Hence Theorem 6.9 states that G has the local
reﬁnement property and a locally unique decomposition. This completes the proof of the theorem. 
Theorem 8.3. Let G be a balanced semi-primary rtffr subgroup of a semi-Dedekind rtffr group with conduc-
tor τ . Let S(Eτ (G)) be the category of ﬁnitely generated semi-simple Eτ (G)-modules. Then:
1. There is a functor
C(·) = (B ◦ Lτ ◦ A ◦HG)(·) :Po(G) −→ S
(
Eτ (G)
)
.
2. C(·) induces a bijection
γG :
{[H] ∣∣ H ∈ Po(G)}−→ {(M) ∣∣ M ∈ S(Eτ (G))}.
Proof. Apply Theorems 5.4 and 8.1. 
9. Examples
The group G is integrally closed if E(G) is integrally closed. Let
D = {rtffr groups G ∣∣ E(G) is a Dedekind domain}.
Then D is a set of integrally closed, strongly indecomposable, rtffr groups such that E(G) is
commutative. Let G be a strongly indecomposable rtffr group such that E(G) is commutative.
By [7, Lemma 2.4], there is a group G
.= G such that E(G) ⊂ E(G) and such that E(G) is an rtffr
Dedekind domain. Thus D contains a rich collection of groups. If G is an rtffr group such that E(G)
is a pid then G ∈ D.
1994 T.G. Faticoni / Journal of Algebra 321 (2009) 1977–1996Lemma 9.1. Let G be an integrally closed, strongly indecomposable, rtffr group of rank 1, 2, or 3. Then G ∈ D.
Proof. For a rank one group G , E(G) is a pid, for a strongly indecomposable rank two group J. Reid
has shown that E(G) is a commutative integral domain, and in the proof of [9, Corollary 5.3] it is
shown that E(G) is a commutative integral domain if G is a strongly indecomposable rtffr group of
rank three. Thus the integrally closed strongly indecomposable G of rank 1, 2, or 3 are in D. 
Lemma 9.2. Let G be an integrally closed, strongly indecomposable rtffr group of square-free rank. Then G ∈ D.
Proof. By [8, Lemma 4.2.1(2)], if G is a strongly indecomposable rtffr group of square-free rank then
E(G) is an rtffr commutative integral domain. Since G is integrally closed, E(G) is also a Dedekind
domain. Thus G ∈ D. 
Lemma 9.3. If E(G) is a pid then G ∈ D.
Groups G such that E(G) is a pid are studied in [4].
For the purposes of this paragraph let
H = H1 ⊕ · · · ⊕ Hs
where Hi ⊂ Q for each i = 1, . . . , s. A kernel group is a group G that ﬁts into an exact sequence
0−→ G −→ H σ−→ Q
where σ is the summation map deﬁned by σ(x1, . . . , xs) = x1 + · · · + xs where xi ∈ Hi for each
i = 1, . . . , s. Dually a cokernel group is a group G that ﬁts into an exact sequence
0−→ X −→ H π−→ G −→ 0
where X is a pure rank one subgroup of H . We call G a bracket group if G is either a kernel group or
a cokernel group. If G is a strongly indecomposable bracket group then it is known that End(G) ⊂ Q
is a pid. See [2,13,15].
Corollary 9.4. Each strongly indecomposable bracket group is in D.
A strongly homogeneous group is a group G such that for any pure rank one subgroups X, Y ⊂ G
there is an automorphism α :G −→ G such that α(X) = Y . It is known that if G is a strongly inde-
composable strongly homogeneous rtffr group then End(G) is a pid in which the primes p ∈ Z such
that pG = G are primes in End(G). See [2].
Corollary 9.5. Each strongly indecomposable strongly homogeneous rtffr group is in D.
The group G is a Murley group if Z/pZ-dim(G/pG) 1 for each prime p ∈ Z. It is known that if G
is a strongly indecomposable Murley group then End(G) is a pid in which p ∈ Z is a prime in End(G)
if pG = G . See [2].
Corollary 9.6. Each indecomposable rtffr Murley group is in D.
Summarizing, the class D contains
1. integrally closed strongly indecomposable rtffr groups G of square-free rank,
2. rank one groups G ,
T.G. Faticoni / Journal of Algebra 321 (2009) 1977–1996 19953. integrally closed, strongly indecomposable, rank two groups G ,
4. integrally closed, strongly indecomposable, rank three groups G ,
5. groups G such that E(G) is a pid,
6. strongly indecomposable bracket groups G ,
7. strongly indecomposable strongly homogeneous groups G , and
8. indecomposable Murley groups G .
Our goal now is to use the objects in D to construct balanced semi-primary rtffr groups G .
Theorem 9.7. Let {G1, . . . ,Gt} be a nilpotent subset of D. Let G be the direct sum (5) for some integers
n1, . . . ,nt > 0. If for each i = 1, . . . , t, P i ⊂ End(Gi) is a primary ideal in End(Gi) and if G ⊂ G is a bal-
anced subgroup of G such that
P1G
n1
1 ⊕ · · · ⊕ PtGntt ⊂ G ⊂ G
then G has a locally unique decomposition and the local reﬁnement property.
Proof. Since G is a balanced semi-primary rtffr group, an application of Theorem 8.1 shows us that G
has a locally unique decomposition and the local reﬁnement property. This completes the proof. 
Theorem 9.8. Let {G1, . . . ,Gt} be a nilpotent set such that End(Gi) is a pid for each i = 1, . . . , t. Let G be the
direct sum (5) for some integers n1, . . . ,nt > 0. Suppose that for each i = 1, . . . , t, qi ∈ End(Gi) is a prime
power and suppose that G ⊂ G is a balanced subgroup such that
q1G
n1
1 ⊕ · · · ⊕ qtGntt ⊂ G ⊂ G.
Then G has a locally unique decomposition and the local reﬁnement property.
Corollary 9.9. Let {G1, . . . ,Gt} be a nilpotent subset of D such that E(G1) ∼= E(Gi) for each i = 1, . . . , t, and
let G be a direct sum as in (5). If P ⊂ E(G1) is a primary ideal then each balanced subgroup G ⊂ G such that
PG ⊂ G ⊂ G
has a locally unique decomposition and the local reﬁnement property.
Corollary 9.10. Let G ∈ D, let n > 1 be an integer, and let P ⊂ E(G) be a primary ideal. Then any balanced
subgroup PGn ⊂ G ⊂ Gn has a locally unique decomposition and the local reﬁnement property.
Corollary 9.11. Let G ∈ D, and let P ⊂ E(G) be a primary ideal. Then any subgroup PG ⊂ G ⊂ G is a balanced
semi-primary rtffr group. Hence G has the local reﬁnement property.
We say that G is homogeneous completely decomposable of type σ if G ∼= H(n) for some rank one
group H of type σ . If G is a completely decomposable rtffr group then
G = G[σ1] ⊕ · · · ⊕ G[σt]
where G[σi] is a homogeneous completely decomposable group of type σi , and the types σ1, . . . , σt
are distinct.
Theorem 9.12. Let G = G[σ1] ⊕ · · · ⊕ G[σt] be a completely decomposable rtffr group. Let G ⊂ G be a bal-
anced subgroup such that for each i = 1, . . . , t there is a rational prime pi such that (G + G[σi])/G is a ﬁnite
pi-group. Then G has a locally unique decomposition and the local reﬁnement property.
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reader can show that {G1, . . . ,Gt} is a nilpotent set. Suppose that G ⊂ G is a balanced subgroup, and
that for each i = 1, . . . , t , there is a rational prime pi such that (G + G[σi])/G is a ﬁnite pi-group.
There are integers m1, . . . ,mt > 0 such that
pm11 G[σ1] ⊕ · · · ⊕ pmtt G[σt] ⊂ G ⊂ G[σ1] ⊕ · · · ⊕ G[σt].
Then G is a balanced semi-primary rtffr group. Hence Theorem 8.1 states that G has a locally unique
decomposition and the local reﬁnement property. 
Let G1, . . . ,Gt ⊂ Q be rank 1 groups such that Gi  G j for each i = j, and let G be as in (5). Let
q ∈ Z be a prime power and let G be a group such that
qG ⊂ G ⊂ G.
We may then assume that End(G) ⊂ End(G), [13]. Then G is a balanced semi-primary rtffr group. It
is traditional to call G an acd group with primary regulating quotient.
Corollary 9.13. (See [10, Theorem 3.5].) Let G be a completely decomposable rtffr group and let q ∈ Z be
a prime power. If G is a group such that qG ⊂ G ⊂ G then G has a locally unique decomposition and the local
reﬁnement property.
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